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Outline

• Phonons (and thermodynamics)
• Instruments
• Measurements of phonons for thermodynamics
• Non-harmonic phonons; nonlinear effects
• Appendix 1: concept of Van Hove function
• Appendix 2: some relations between scattering functions

It is not realistic to understand this in 90 minutes! (some pieces will take you years)
This talk is a guided tour, but you must re-read some of  these slides, and refer to the 
text or other references to cover these topics properly.



Crystal with 2 Atoms per Unit Cell
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Woods, et al., Phys. Rev. 131, 1025 (1963).

Optical phonon

Acoustic phonon



http://physics.ucsc.edu/research/images/

More Complicated Vibrational Modes

http://physics.ucsc.edu/research/images/startmode.gif


m a = F

atom displacement = (quantized) (unit vector) (phase factor)

for mode polarization)      

Normal Modes are from Equations of Motion in Periodic Crystal



When you put phonon solution for u(t) into Equation of Motion

Second derivative returns exponentials, with factors ~ k2. 
Sum over unit cells, setting one at origin. 
Exponentials give Fourier Transform

Resulting eigenvalue equation for the polarization vector at kj, with eigenvalue wkj

Fine print:
R is number of atoms in basis
Elements of D are really 3x3 in 3D.
As usual, origin is anywhere, 
so relative distances are important



When you put phonon solution for u(t) into Equation of Motion

Resulting eigenvalue equation for the polarization vector e at kj, with eigenvalue wkj

Fine print:
R is number of atoms in basis
Elements of D are really 3x3 in 3D.
There are 3R polarization vectors
and 3R eigenvalues (frequencies, 
hopefully w2>0).  
3R “branches” of dispersions vs. k. 
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Dispersions and Density of States

Dispersions from single crystal
Oriented along different crystallographic directions

Density of states from powders
Accounts for all modes in a crystal



–TS

E

In world without entropy S, simply minimize E and ignore T.
This reduces thermodynamics to one hand clapping.

Entropy is the Core Concept of Thermodynamics 
Free Energy:   F = E – TS

Where does S come from?



Quantum levels of 
a single oscillator 
mode of frequency wi

Einstein 1907 Quantized the Harmonic Oscillator to 
explain why Cp  goes to 0 at low T

ei = ℏwi 

0

2ei

3ei

When kBT < ei ,
then exponentially 
unlikely input of heat
input of ei

kBT



For N atoms, 
3N oscillator modes of energy {ei}

Helmholtz Free Energy

Calculate the Entropy of a Harmonic Mode with Phonons

∂F / ∂T = – S

After a bit of work:

Phonon DOS
Planck factor n(e,T)



S = kB ln W   
Entropy Contributions at ~1000 K

Matter: configurational entropy
 Nuclei (locate the nuclei, electrons then accommodate) (~0.5 +1- 0.5) kB/atom

     Energy: Dynamics of nuclei (phonons) and electrons
 Harmonic (~8 +- 1) kB/atom
 Quasiharmonic (~1 +- 0.5) kB/atom
 Excitations of electrons (electronic heat capacity) 
 (~0.5 +- 0.2) kB/atom 

     Interactions of Excitations 
 Phonon-phonon interaction: anharmonic (~1 +- 1) kB/atom
 Electron-phonon interaction (~0.5 +- 0.5) kB/atom



Waves and wavefunctions, y
Relative phases, Q 

.r – wt
Intensity (at detector), y*y

Scattering
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Coherence:
Outgoing Phase
is related to 
Incoming Phase

kfki



Incoherence:
Randomness of 
phase relation between
initial and final waves

no interference — individual scatterings (particle-like)



Key Words for Scattering

         elastic or inelastic — energy change of the wave 
       coherent or incoherent — preservation of phase of wave
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coherent, elastic

incoherent, elastic

incoherent, inelastic 

coherent, inelastic

   

diffraction, SANS

atom displacement disorder

energy spectra (phonon DOS)

dispersions (phonons, magnons)

Four Pairs of Words



Coherent (sim)

Incoherent (sim)

Experimental  
V and  Al

Appearance of Coherent and Incoherent Scattering



fcc
Fe-Ni
polycrystalline
sample

(fcc has cubic
indices all even
or all odd)



Fermi’s Golden Rule  (within the 1st Born Approximation)

and after some effort obtains the general result

Textbook starts with Fermi’s Golden Rule

I(Q,w) ~ 



Essentials of a Fermi Chopper Inelastic Spectrometer

fermion
Fermi-Dirac statistics
…
Fermi chopper



Fermi Chopper

Concept (top view)
Real Chopper (exploded view)

beam



ARCS Vacuum Tank in Assembly



ARCS Vacuum Tank in Assembly



ARCS Vacuum Tank





ARCS at the Spallation Neutron Source

Source x 15 (1.7 MW of protons at SNS, vs. 0.1 MW)
Neutron guide technology x 2
Detector solid angle x 30+  (covers p sr)

Factor of  1,000 improvement in efficiency for INS.
Also, investment in low background.

All neutron energy is kinetic, so energy transfer E
from neutron to sample is measured by arrival time
of detected neutron.  

With both scattering angle and energy transfer, 
we obtain the momentum transfer Q. 

Single crystal measured at 201 rotations about vertical.



Energy (velocity) selection.    Snapshot at elastic peak arrival.





Kinematical limitations for INS (unlike elastic)

• Q = ki – kf       | kf | is smaller than | ki | if neutron loses energy to the sample
• E = ℏ2/2M (ki

2 – kf
2) 
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Minimum Q  

Q –kf

kiQ1
–kf1ki

Q2

Elastic: E = 0 so  ki
2 = kf

2

Allows any Q from 0 to 2ki
Diffraction measurements to Q = 0
(Ewald sphere in diffraction)

Measurements are “kinematically 
forbidden” at small Q 
with small kf  or some E>0 

Inelastic: E > 0 and ki > kf

–kf2



f =5° f=115° 

Scattering kinematics (Ei=55 meV) 

Kinematical limitations in real INS data

Polycrystalline Ge (Ei=50 meV) 

C. Bernal-Choban, et al., Comm. Mater. 2023.

Empty
Regions

(annoying)



f =5° f=115° 

Scattering kinematics (Ei=55 meV) 
Brillouin zones and typical reciprocal 
space sampling (Q=8A-1)

Many Brillouin zones typically sampled at 55 meV Ei

 

4 A-1



Data Analysis

Scattering intensity
g(ℏw)  phonon DOS

El
as

tic
 pe

ak
 up

 to
 ~1

00
0

More phonons in modes at low energy, 
so more phonon scattering

DOS requires corrections for 
thermal factors…



Data Analysis

Incoherent inelastic neutron scattering gives a direct measurement 
of the phonon density of states (DOS), g(w). 
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exp(-2W): Debye-Waller factor,  
n(w): Planck distribution

scattering 
intensity

Neutron-weighting

g(w): phonon DOS



Multiple Scattering (ray tracing)



Detailed Balance
    Intensity ratio across elastic peak:  I(+e) = exp(e/kBT) I(–e) 
    For 25 meV = kB 300 K, so at 300 K:
    I(+25) = 2.718 I(–25)

   Multiphonon Scattering
    create/annihilate two phonons of energy e = ± e1 ± e2 
    Convolution of single scattering thermal spectrum with itself
    Maximum at e = 0, broad and washed out
    Grows ~T (fixed Q for NRIXS)

 

Temperature and Incoherent Inelastic Scattering (on bcc 57Fe)

x 2.718
x 2 



Cross-Section is Conserved, even if atoms are moving

Moving atoms
Still cover the same area to the beam. 
Thermal motions cause a 
Debye-Waller factor for the
intensity of elastic scattering
Ielastic ~ D.W. 
Ielastic ~ e–2W

         2W = Q2<u2>

Conservation of cross section requires 
intensity transfer from elastic to inelastic 
when atoms have thermal motion

 



Correct for Multiphonon Scattering (concept)

Elastic 
Scattering

1-Phonon 
Scattering

2-Phonon 
Scattering

Classical 
Scattering

crystal
recoil spectrum

“heat”

Diffraction
| ki | = | kf | 

Phonon 
Spectra

Calculate
And Delete

No phonon 
information

ki

kf

ki

kf

ki

kf

ki

kf

…

Strong change with temperature ~T 2

Weak change with thickness



Multiphonon scattering, temperature, momentum

Recoil energy, thermal energy, Debye-Waller factor

I(Q,w) ~
0 phonon,  1 phonon,       2 phonons

Multiphonon scattering increases with momentum transfer and temperature. 

Total cross-section conserved at high T when Debye-Waller factor
attenuates elastic peaks as exp(–2W). Compensate with exp(+2W). 

if isotropic:  



Multiphonon components of (incoherent) NRIXS of Pt357Fe

1 phonon

0 phonon

2 phonon

3 phonon



Silicon Single Crystal

Zero thermal expansion 
   at 123 K



Silicon 
Phonon 
Dispersions 
4D Data

Dennis Kim, 
Ph.D. Thesis 2018



Phonon Dispersions, along usual k-directions

G. Dolling, Proc. Symp. Inelastic Scattering Neutrons in Solids and Liquids, 
Chalk River, IAEA, Vienna, vol. 2, 1963, p. 37.
R. Tubino, et al., J. Chem. Phys. 56, 3 (1972) 1022-1039.



Thermal background between dispersions





After correction for multiphonon scattering



Phonon
Dispersions 

In Silicon

100 110 111

Dennis Kim, Ph.D. thesis. D.S. Kim, O. Hellman, et al., Proc. Nat'l Acad. Sciences 115, 1992 (2018).



Follow the thermal shifts of 1,000 mode energies 



Thermal Expansion: F(V,T) = E –TS

 

PHONOPY for quasiharmonic calculations, used w(V)

Atom displacements by sTDEP, used w(V, T)

quasiharmonicity: 
w(V) 

pure anharmonicity: 
w(T) 

E from changes in bond lengths
S from phonon entropy – depends on spectrum g(w) 



Something New With Phonons
Highly Nonlinear Crystals

1. Intermodulation phonon sidebands
2. Second harmonic generation
3. Diffuse inelastic intensity



Intermodulation Phonon Sidebands 
in an Anharmonic Crystal of NaBr

Brent Fultz, Dennis Kim, 

N atoms have 3N degrees of freedom.
Still have 3N after linear Fourier transformation.
NaBr has 2 atom basis, therefore 6 phonon branches in k-space.

We observed 9 branches!
Where do new modes come from?
(hint: nonlinear transformation of 3N displacements)

Yang Shen
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FIG. 1. Comparison between experimental and computational results on phonon dispersions of NaBr. a-b, 2D
slices through the four-dimensional scattering function S(Q, "), where " = ~!, along high symmetry lines in the first Brillouin
zone. c-d, Phonons in NaBr calculated with the quasiharmonic approximation (white dotted line), with only the quadratic
force constants (black dashed line), and the full phonon spectral function (logarithmic intensity map) with phonon self-energy
corrections. Temperatures are labeled in the panels. The ghost phonon branch is seen in the experimental and computational
results at 300K. The calculation also shows a possible ILM near the �-point at 300K, but that is not found by measurements.
’G’ refers to the ghost phonon branch.

To conserve energy with the three-phonon processes
of Eq. 1, two phonons must be annihilated when a
third is created. Restrictions on the phonon energies
and polarizations used in Eq. 1 allowed identification
of the origin of the ghost modes. Figure 2 shows that
they disappear when eliminating the three phonon pro-
cesses of TA + TO ⌦ TO/LO. Moreover, the impor-
tant TA phonons were shown to have energies between
7 and 9meV. Similarly, the calculated ILM near the �-
point (which is not definitive in Fig. 1b), is produced by
TA + TO ⌦ TO in the calculation. The ghost phonons
are thermally driven, and nearly vanish at 10K. (They
should not vanish entirely, however, owing to the zero-
point occupancy of the TA and TO modes.) Finally, the
computations showed that the ghost spectra are opti-
cal modes, with polarizations distributed evenly over all
(two) transverse and (one) longitudinal possibilities.

Move this to Supplemental, along with Fig. 3
Figure 3 shows how the Planck function makes many
more three-phonon processes available at 300K for gen-

erating the ghost phonon branch.
The three phonon modes used in Eq. 1 are eigenstates

of a dynamical matrix. The anharmonic shifts and broad-
enings of these eigenstates generally do not produce new
phonon branches. A unit cell of R atoms must have
3R branches. The spectral weight in the ghost modes
therefore comes from the interacting modes that generate
them Our anharmonic calculations obtained this spectral
weight by applying the Kramers-Kronig transformation
of Eq. 16 to the imaginary part of the phonon self energy
of Eq. 15. Many-body theory is at risk for highly anhar-
monic crystals, although it provides reasonable trends
for NaBr. More of a concern is that these calculations
of ghost modes do not elucidate the underlying physics.
We therefore developed an alternative physical explana-
tion, inspired by interpretations of modern laser-cavity
experiments ??.
Our model follows Eq. 1, with j, j0 and j

00 designating
the TA , TO and ghost LO phonon modes, respectively.
Instead of continuing the approach used for Figs. 1c,d,

Y. Shen, C.N. Saunders, C.M. Bernal, et al., PRL 2020, Phys. Rev. B, 2021

Y. Shen, C.N. Saunders, C.M. Bernal, et al., 
PRL 2020, Phys. Rev. B, 2021

V. Ladygin, C.N. Saunders, C.M. Bernal, et al., 
PRM 9, 015002 2025.





Intermodulation (nonlinear medium)

Upper sideband

Lower sideband



Intermodulation (nonlinear medium)

For

Second Harmonic Generation
Intermodulation Phonon Sidebands



Intermodulation (nonlinear medium)

Intermodulation Phonon Sidebands

Second Harmonic 
Generation

Are they quasiparticles like phonons? Do they have their own thermal Planck factor? 
If so, we can treat them like the rest of the phonon spectrum for thermodynamics.

Yes, second harmonics behave like the 
rest of the vibrational spectrum for 
thermodynamic purposes!

Test fit:



Large Phonon Anharmonicity – What Next?

Improved intensity and low background of makes possible new
measurements of weak and diffuse intensities. (x 1000 really helps!)

Need to confirm sidebands and frequency doubling in more systems
(computational work will help)

Phonons in sidebands are entangled in EPR sense –– can we 
carry this into infrared photons? 



Calculate the Inelastic Intensity from Dynamics of Scatterer



New Anharmonic Effect in Cu2O  Cuprite

mCu / mO = 4

From partial DOS, wCu ~ 6 wO

Cu
O

Claire Saunders 
(Ph.D. 2022)



900 K

700 K

300 K

10 K



Diffuse Inelastic Intensity

Phase disorder in the time domain
causes wide energy spread in energy domain

Needs some randomness in the anharmonic interactions 
between vibrating atoms.

Analog for elastic scattering is atom displacement disorder
that gives broad intensity in Q.  
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General neutron scattering
* A. T. Boothroyd, “Principles of Neutron Scattering from Condensed Matter”, (Oxford, 2020).
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Time-of-flight techniques
  B. Fultz, http://www.its.caltech.edu/~matsci/btfgrp/Inelastic_Neutron_Book.pdf. (free)

* New and Highly Recommended!

http://www.its.caltech.edu/~matsci/btfgrp/Inelastic_Neutron_Book.pdf
http://www.its.caltech.edu/~matsci/btfgrp/Inelastic_Neutron_Book.pdf




Appendix 1:
Introduction to the
Van Hove Function



Coherence… the scattered wave has a phase that can be predicted 
from the phase of the incident wave.

Incoherence… no phase relationship between incident and scattered 
waves.

e–i(Q.rj–wt+R)
R is a random variable



fj(r, t) is the scattering factor of nucleus j . 
r, t describe where it is and how it moves. 
That’s what we want !  (or a sum of scattered waves from all j).

This y (Q, E) may be what we want to measure, but it is not what we get. 
We get the intensity, y* y. 
We can Fourier transform the intensity to get the Van Hove Function.





‘





Example: Van Hove Function for a Traveling Wave

This single wave has specific
q  wavevector 
w0  frequency 







(c) Phonon dispersions of Si
with straight lines from origin. 0 

(Long) waves of constant velocity    w = ck



Appendix 2:
Relations Between 

Functions Used
In Scattering





Mathematical Operations that Connect Scattering Functions






